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For an electron confined to a surface reconstructed by double-frequency corrugations, we give the
effective Hamiltonian by the formula of geometric influences, obtain an additive scalar potential in-
duced by curvature that consists of attractive wells with different depth. The difference is generated
by the multiple frequency of the double-frequency corrugation. Subsequently, we investigate the
effects of geometric potential on the transmission probability, and find the resonant tunneling peaks
becoming rapidly sharper and the transmission gaps being substantially widened with increasing
the multiple frequency. As a potential application, double-frequency corrugations can be employed
to select electrons with particular incident energy, as an electronic switch, which are more effective
than a single-frequency ones.
PACS Numbers: 73.50.-h, 73.20.-r, 03.65.-w, 02.40.-k
I. INTRODUCTION
With the rapid development of nanotechnology, the
fabrication of electronic nanodevices with complex ge-
ometries is becoming easy, and therefore various two-
dimensional (2D) nanosystems with corrugations are de-
signed and implemented, such as corrugated films1–5,
bent and corrugated nanotubes6–10 and so on. Those
successes in manufacture found the basis of investigating
the curvature-tunable filter5. Those surfaces with corru-
gations are an important type of 2D systems with relative
complex geometries. For an electron confined to a cor-
rugated surface, the effective Hamiltonian does not only
depend on the 2D intrinsic space geometry, but also on
the embedding of the surface in three-dimensional (3D)
Euclidean space11. To deduce the effective Schro¨dinger
equation, the thin-layer quantization formalism12,13 is a
suitable approach. Experimentally, the geometric poten-
tial was realized in photonic topological crystals14, and
the geometric momentum15–18 was observed to govern
the propagation of surface plasmon polaritons on metal-
lic wires19. The two evidences demonstrate the validity
of the thin-layer quantization scheme.
With the development of the thin-layer quantization
theory12,13,20,21, quantum electronic devices are rapidly
developing toward small size and complex structure
and geometry. When the size of electronic devices is
small enough to be compared with de Broglie wave-
length, the geometric effects will become very signifi-
cant5. For investigating the effects of geometric po-
tential, the nanoscale corrugation was introduced into
a thin film to study the related electronic properties1,
they obtained the stepwise resistivity determined by
the corrugation. In curved quantum waveguides, the
bound states were obtained22–25, and the related trans-
mission were investigated26–28, too. Recently, we found
that transmission gaps and resonant tunneling domains
produced by corrugation5. To the best of our knowl-
edge, most of the investigations have been done on
single-frequency corrugation, and rarely involve double-
frequency or multiple-frequency corrugations. However,
the double-frequency potentials were recently employed
to describe one-dimensional superlattice29, and 2D su-
perlattice potential30. As a consequence, the geometric
effects of double-frequency corrugation need a further in-
vestigation.
In the present paper, we will consider a model includ-
ing double-frequency corrugations, and investigate the
influences of the multiple frequency on the geometric po-
tential, and on the transmission probability. The double-
frequency corrugation can contribute a list of attractive
wells with different depth. When the multiple frequency
increases, the resonant tunneling peaks rapidly become
sharper, and the transmission gaps effectively become
wider. As a potential application, the results are use-
ful for designing quantum-electromechanical circuits31–33
and thin film transistors34.
This paper is organized as follows. In Sec. II, using
the formula of geometric influences18,35,36, we obtain the
effective Hamiltonian for an electron confined to a thin
film reconstructed by double-frequency corrugation and
the geometric potential. In Sec. III, we investigate the ef-
fects of the double-frequency corrugation on transmission
probability, especially the multiple frequency. Finally in
Sec. IV the conclusions are given.
II. QUANTUM DYNAMICS OF A PARTICLE
CONFINED ON A PERIODICALLY
CORRUGATED SURFACE
In quantum mechanics, a free microscopic particle can
be described by a time-independent Schro¨dinger equa-
tion, that is
− h¯
2
2m∗
∇2ψ = Eψ, (1)
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2where h¯ is the Plank constant divided by 2pi, m∗ is the
effective mass of particle, ∇2 is the Laplace operator usu-
ally defined in a 3D flat spatial space, ψ is the wave func-
tion describing the motion of particle and E is the energy
with respect to ψ.
When the free particle is confined to a curved surface,
the effective dynamics would be affected by the geomet-
rical properties13,18. In the spirit of the thin-layer quan-
tization scheme, to obtain the effective quantum dynam-
ics describing a particle confined to a curved surface, the
Schro¨dinger equation Eq. (1) should be originally defined
in a 3D curvilinear coordinate system as below
− h¯
2
2m∗
1√
G
∂iG
ij
√
G∂jψ = Eψ, (2)
where G and Gij are the determinant and the inverse of
the metric tensor Gij defined in a 3D curvilinear coor-
dinate system, respectively, wherein i, j = 1, 2, 3 denote
the three curvilinear coordinate variables. It is obvious
that the metric Gij contained in the Laplace operator de-
pends on q3, the coordinate variable normal to a curved
surface. The q3 dependence contributes a scalar potential
in the effective Hamiltonian.
FIG. 1. (Color online) Schematic of a surface reconstructed by
double-frequency corrugations, z = a cos(nγx) sin(γx). Here a and
2pi/γ are the amplitude and period length of corrugation, respec-
tively. n is a nonzero positive integer. (ξ, η) denotes the two curvi-
linear coordinate variables over surface.
A surface reconstructed by double-frequency corruga-
tions S (see Fig.1) that can be parametrized by
z = a cos(nγx) sin(γx), (3)
where a denotes the amplitude of composite corrugation,
2pi/γ describes the period length of corrugation, n is a
nonzero positive integer which is named as a multiple
frequency because that it describes the high frequency
composition of the double-frequency corrugation. In the
composite corrugation Eq. (3), cos(nγx) describes the
high frequency composition and sin(γx) does the low fre-
quency one. The position vector of a point on S can be
then described by r = xex + yey + a cos(nγx) sin(γx)ez,
and hence that of a point in the immediate region near
to S can be parameterized by R = r + q3en, en is the
unit vector basis normal to S, and q3 is the correspond-
ing coordinate variable. According to the definitions
Gij = ∂iR·∂jR and gab = ∂ar·∂br, wherein (i, j = 1, 2, 3)
and (a, b = 1, 2), we obtain
gab =
(
1 0
0 1
)
(4)
and
Gij =
 f2 0 00 1 0
0 0 1
 , (5)
respectively. It is easy to obtain the relationship between
G and g, G = f2g, where the rescaling factor f is
f = 1 +
a[(1 + n2) cosnγx sin γx+ 2n cos γx sinnγx]
[1 + a2(cos γx cosnγx− n sin γx sinnγx)2]3/2 q3. (6)
According to the above results, using the formula of the geometric influence18,35,36, we can calculate the effective
Hamiltonian as
Heff = 〈χ0n |f
1
2 Hˆf−
1
2 − Hˆn|χ0n〉0 = −
h¯2
2m∗
(∂2η + ∂
2
ξ ) + Vg, (7)
where Hˆ is the original Hamiltonian describing a free particle in a 3D curvilinear coordinate system with Hˆ =
− h¯22m∗ 1√G∂i
√
GGij∂j, Hˆn denotes the normal component of Hˆ with Hˆn = − h¯22m∗ ∂
2
∂q23
, and Vg is the well-known geometric
3potential12,13 that reads
Vg = − h¯
2
2m∗
a2γ4[(1 + n2) cosnγx sin γx+ 2n cos γx sinnγx]2
4[1 + a2γ2(cos γx cosnγx− n sin γx sinnγx)2]3 . (8)
In the previous calculations, the wave function of the
ground state |χ0c〉 is taken as the ground state of a har-
monic oscillator with w →∞, that is
|χ0n〉 = α
1
2pi−
1
4 e−
α2q23
2 , (9)
where α =
√
mw
h¯ . The evidence is that the geometric
potential does not depend on the specific form of the con-
fining potential and its relative strength37,38. By virtue
of the effective Hamiltonian Eq. (7), we directly write the
effective Schro¨dinger equation as
− h¯
2
2m∗
(
∂2
∂ξ2
+
∂2
∂η2
)χs + Vgχs = Esχs, (10)
where η and ξ are two tangent coordinate variables of S,
respectively. Due to Vg only depending on x, and ξ just
being a function of x, we can rewrite χs = χη(η)χξ(ξ),
and separate the effective quantum equation analytically
into two components of η and ξ, they are
− h¯
2
2m∗
∂2
∂ξ2
χξ + Vgχξ = Eξχξ (11)
and
− h¯
2
2m∗
∂2
∂η2
χη = Eηχη,
respectively, where Es = Eξ + Eη.
It is worthwhile to notice that in the original
Schro¨dinger equation Eq. (2) the metric tensor Gij de-
pends on q3, while in the effective Schro¨dinger equation
the metric gab does not. In the thin-layer quantization
procedure, the q3 dependence of the metric Gij con-
tributes a geometric potential to keep the consistency of
the effective Schro¨dinger equation. As a central result of
contributions of the thin-layer quantization scheme, the
geometric potential is presented in the effective Hamilto-
nian and plays an important role in the effective dynam-
ics. The geometric potential is induced by curvature,
therefore it can be reconstructed by designing the geom-
etry of the investigated system. In the present model, the
most difference in corrugation is that it is determined by
two frequencies compared to the usual single-frequency
one.
To learn the actions of composite corrugation on the
geometric potential, the geometric potential is shown in
Fig. 2 as a function of γx and a with m∗ = 0.067m0,
m0 is the static mass of electron. In this case, the sub-
strate of the composite corrugation is GaAs. Obviously,
in the form the result shown in Fig.(a) is in nice agree-
ment with that given by our another paper5. However,
FIG. 2. (Color online) Surfaces of Vg as function of γx and a, a
ranging from 0 to 30nm and γx varying in the region [0, 8pi], for
(a) n = 1, (b) n = 2, (c) n = 3 and (d) n = 4.
the depthes of potential wells produced by the double-
frequency corrugation are particularly much more than
that of wells given by the single-frequency one. When the
multiple frequency number n has a large integer, such as
n = 2, 3, 4, there is an obvious feature that is the at-
tractive wells with different depthes (see Fig. 2 (b), (c)
and (d)). It is worthwhile to notice that the depth differ-
ences are closely related to the multiple frequency. It is
shown that the corrugation can substantially affect the
4geometric potential. As a consequence, we can construct
particular wells array by introducing a composite corru-
gation, tuning its amplitude a, and adjusting the multiple
frequency number n.
III. TRANSMISSION PROBABILITY
AFFECTED BY A COMPOSITE CORRUGATION
FIG. 3. (Color online) Schematic of the simplified model. R1 and
R5 correspond to two leads, R2 and R4 describes the two potential
barriers resulting from the boundaries between adjacent regions in
which an electron has different effective masses, R3 is a surface
reconstructed by a composite corrugation.
From Eq. (11) and the surface S Eq. (3), the effective
Schro¨dinger equation can be reexpressed in x as
− h¯
2
2m∗
1
∆
d
dx
[
1
∆
d
dx
ψ(x)] + V (x)ψ(x) = Eψ(x), (12)
where m∗ = 0.067m0, m0 is the static mass of an elec-
tron, if x ∈ R3 and m∗ = m0 otherwise,
∆ =
√
1 + a2γ2(cosnγx cos γx− n sinnγx sin γx)2
if x ∈ R3 and ∆ = 1 otherwise, ψ is a wave function, E
is the energy with respect to ψ, and V (x) stands for the
potential of the simplified model (see Fig.3), that is
V (x) =

20meV, x ∈ R2,
Vg(x), x ∈ R3,
20meV, x ∈ R4.
(13)
The potential mainly includes three parts, two barriers
and a geometric potential region. In the rest two parts
R1 and R5, the potential vanishes. Here Vg(x) stands
for the geometric potential (8) and meV denotes milli
electron volts.
To learn the action of the composite corrugation on
the electronic transport, in what follows we will study the
transmission probability of electron in the model Fig.3 by
the transfer matrix technique 39. In the models including
a single-frequency corrugation5,40, the boundaries con-
structed by two different materials, in which electrons
have different effective masses, create resonant tunneling
peaks and valleys. These results are still valid to the case
of double-frequency corrugation. Although the single-
frequency corrugation has been discussed widely5,41,42,
the double-frequency corrugation (see Fig. 3) is still
rarely discussed. Now we pay our attentions on the ge-
ometric effects of double-frequency corrugation on the
transmission probability. We consider a model which
consists of two barriers and a thin film with double-
frequency corrugations.
In the case of a surface reconstructed by double-
frequency corrugations, the geometric potential Vg can
be exactly determined as Eq. (8). And we can then cal-
culate the transmission probability by using the transfer
matrix method with m∗ = 0.067m0 in R3 and otherwise
m∗ = m0. Subsequently, the transmission probability
as a function of the incident energy E and the ampli-
tude a of the double-frequency corrugation is described
in Fig. 4 for (a) n = 1, (b) n = 2, (c) n = 3 and (d)
n = 4, respectively. It is straightforward to see that there
are resonant tunneling peaks and valleys of transmission
probability, which are mainly created by the boundaries
constructed by two different materials. When the multi-
ple frequency n = 0, the result is in full agreement with
that in Ref.5. As n = 1, the result is basically equiva-
lent to that of single-frequency corrugation in the form.
In striking contrast to the known results of the single-
frequency corrugation, there is a fascinating result, the
transmission gaps become wider and tunneling peaks be-
come sharper for the cases of n = 2, 3, 4. The manifest
phenomena is entirely determined by the composite cor-
rugation, because that the composite corrugation gen-
erates a geometric potential which consists of attractive
wells with different depth. The reason is that electrons
are scattered by those attractive wells, as a geometric
scattering43. In other words, these interesting results are
essentially from the geometry of composite corrugation
introduced in R3 of the present model. The multiple
frequency n is larger, the transmission gaps are rapidly
becoming wider and the resonant tunneling bands are
manifestly becoming sharper.
Mathmatically, the transport distance is a function of
the multiple frequency n and the amplitude a of the com-
posite corrugation which can be expressed by
ξ =
∫
R3
√
1 + a2γ2(cosnγx cos γx− n sinnγ sin γx)2dx.
According to the integral, the distance between adjacent
wells obviously grows with increasing the amplitude a,
while the distance is affected by growing the multiple
frequency n not obvious. Strikingly, the transmission
gaps are effectively widened by growing n with a fixed
a, the tunneling domains are manifestly narrowed and
sharpened (see Fig. 5). The reason is that as the value of
n increases, the attractive wells rapidly becomes deeper
and more. It is striking that the transmission gaps and
tunneling domains are mainly contributed by the double-
frequency corrugation. As a potential application, we can
use composite corrugation to design an electronic switch,
5the transmission gaps mean that electron is reflected, but the tunneling domains do that electron can pass.
FIG. 4. (Color online) Transmission probability versus incident energy E and the amplitude a with V (x) = 20meV in R2 and R4,
V (x) = 0meV otherwise, m∗ = 0.067m0 in R3 and m∗ = m0 otherwise, for (a) n = 1, (b) n = 2, (c) n = 3 and (d) n = 4.
IV. CONCLUSIONS
In the present paper, we have considered a 2D thin
film including a particular part that is a surface recon-
structed by double-frequency corrugations. The partic-
ular corrugation generates a geometric potential, which
consists of many attractive wells with different depth.
Due to the presence of two frequencies, the attractive
wells have not identical depth. The diversity of the well
depth depends entirely on the multiple frequency n. The
depth of wells grows by increasing the amplitude a, and
extremely grows by increasing the multiple frequency n.
Approximately, these attractive wells can be roughly re-
placed by square wells. The square wells with different
depth can be structured by introducing periodically mag-
netic fields with different strengthes. By using magnetic
field determined by magnetic vector potential, the filter
designed for electron with certain energy is named the
vector-tunable filter44. By designing the composite cor-
rugation of film, the filter fabricated for electron with cer-
tain energy can be named as a geometry-tunable filter.
In comparison to the single frequency corrugation, the
double-frequency corrugation effectively provides more
accesses to adjust the electronic filter. As a particular
application, the composite corrugation can used to de-
sign curvature-tunable electronic switch when the multi-
6FIG. 5. (Color online) Transmission probability versus incident
energy E with a = 30nm and m∗ = 0.067m0 in R3, m∗ = m0
otherwise, for (a) n = 1, (b) n = 2, (c) n = 3 and (d) n = 4.
ple frequency n takes n = 3, 4 and so on.
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